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ABSTRACT 

In this paper, we present our work called Connected Graph Sequence (CGS) which transforms a 

partially dense graph into the single-row network. Partially dense graph is a graph where a number 

of connected components, namely subgraphs, are connected by some links and each subgraph has a 

higher density value compare to the graph. The transformation is necessary in applications such as in 

the assignment of telephone channels to caller-receiver pairs roaming in cells in a cellular network 

on real-time basis. In this channel assignment application, each caller and receiver in a call is treated 

as a node, while their pair connection is treated as the edge. A specific case of the graph in the form 

of a partially dense graph is then transformed into its corresponding single-row network for assigning 

the channels to the caller-receiver pairs. 

Keywords: Partially dense graph, Single-row network, Transformation, Subgraph, Graph 

partitioning. 

 

INTRODUCTION 

Single-row routing problem has been shown to be NP-complete problem [1]. The optimum 

solution is not easy to be determined. For this reason, Kuh et al. had developed the necessary and 

sufficient condition for optimum single-row routing problem ([1] and [2]). In [3], a partitioning 

strategy was proposed to group the nets into zones which produces some reasonably good solutions 

for some restricted models. Bhattacharya et al. proposed a new approach based on graph theoretic 

representation in [4] which relates the intervals of the single-row network with the overlap and 

interval graphs to solve the single-row routing problem. 

A model called Enhanced Simulated Annealing Technique for Single-Row Routing (ESSR) was 

proposed in 2002 to optimize the network by minimizing both the congestion and number of doglegs 

[5].  Based on the simulated annealing technique [6], the energy function in ESSR is a function of the 

height of the segments of the nets in the single-row network. The technique has been applied to 

produce optimal solutions to all net sizes. 

Our present work focuses on a special type of graph called partially dense graph. Partially dense 

graph is a graph where a number of connected components, namely subgraphs, are connected by some 

links and each subgraph has a higher density value compare to the graph. We focus on the 

transformation of partially dense graph into its single-row representation before applying ESSR for 

optimal results.  
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PROBLEM STATEMENT 

 The transformation problem can be stated as follows:  

Given a connected graph in the form of a partially dense graph, how can it be transformed 

optimally into a single-row network S so as to minimize the congestion and number of doglegs in 

the network? 

 The problem is illustrated in Figure 1. The figure shows a partially dense graph, 10  where 

10n  is the size, and its single-row expansion where each node in 10  occupies a zone iz  in the 

single-row network, S . In the single- row transformation, a node in 10  is mapped to d  terminals 

in S  where d  is the degree of the node. 

 

 

Figure 1. Partially dense graph 10  and its mapping to the single-row network S. 

 

Partially Dense Graph and Single-Row Network 

 Our earlier work in [7] involves the transformation of an arbitrary connected graph G  into the 

single-row network S  where each edge in G  forms a net in S . This stems the idea to transform a 

partially dense graph,  ,  into single-row network through partitioning of graph.  

 

Single-Row Network 

 A single row network is a network in planar form which can be found on printed circuit board. 

Terminals are arranged horizontally on a single horizontal line known as single-row axis. They are 

joined by nets where the nets are made up of horizontal and vertical line segments drawn from left to 

right to form the non-crossing paths, and a reverse direction is not allowed.  

 The number of horizontal tracks in upper street is called an upper congestion, uQ , while the 

number of horizontal tracks in lower street is called a lower congestion, lQ . The overall street 

congestion Q of a realization is defined as the maximum of its upper and lower street congestions, 

namely },max{ ul QQQ  . A vertical crossing in single-row axis is called a dogleg. The main 

objective in single-row routing problem is to minimize the congestion of a single-row representation. 

 

Partially Dense Graph 

 Partially dense graph has the property where the set of vertices can be partitioned into a number 

of vertices sets called subgraphs in which each subgraph has a higher density value than the graph 

itself. The links in a subgraph are called intralinks while the links connect the subgraphs are known 

as interlinks. In the subgraphs, every node has a higher degree of intralinks compared with interlinks 

(if any) and thus, the density of graph for each set of nodes is higher than the graph  . The density 

of graph is computed as  
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where E  and V  are set of edges and set of vertices respectively. 
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CGS: THE TRANSFORMATION MODEL 

 In single-row transformation of connected graph, DSA is an efficient model for connected graph 

with smaller size while STCGM is an efficient model for connected graph with low density of graph. 

As the size and the density of graph increased, both models are incapable to produce a good result for 

the single-row transformation problem. Hence, the connected graph with bigger size and higher 

density needs to be partitioned into a number of subgraphs. There are three main steps comprised in 

CGS, namely graph partitioning to obtain a number of higher density subgraphs, partitions 

arrangement to sort the subgraphs based on the links between the subgraphs, and formation of zones 

followed the sequence of sorted subgraphs. 

 

Graph Partitioning 

 The edges between the pair of nodes in a subgroup are called intralinks while the edges between 

the nodes from any two subgraphs are called interlinks. Each of the subgraphs formed has a higher 

density of graph compared to the graph  . Thus, the total of intralinks in a subgraph is greater than 

its total of interlinks. In the single-row transformation, the nodes in the subgraph will be transformed 

into zones which allocated near to each other as a group of zones on the node axis. The construction 

of intervals set for each group of zones is shorter and more systematic compared to the set of intervals 

corresponds to the interlinks. Obviously, the arrangement of the zones and intervals for the single-

row representation is well organized with the partitioning of graph   since it reduces the congestion 

and doglegs caused by interlinks. To partitioning a graph into a number of subgraph, we need to 

reduce all the nodes into stable or conditional stable form. 

 A node is said to be stable in a subgraph if it has more intralinks compared to interlinks and vice 

versa for an unstable node.  In some cases, there are some graphs which can never be reduced into a 

stable form unless the related subgraphs are combined into one bigger size of subgraph as shown in 

Figure 2. 

 

 
 

Figure 2. Illustration of unstable form in subgraph B  

 

 During the partitioning process, the total number of interlinks for all nodes and the total number 

of subgraphs are decreased as the nodes are removed from one subgraph and combined with another 

to achieve the higher stability form.. 

 

Partition Arrangement 

 In partition arrangement, the sequence of subgraphs is arranged to form the zones in next stage. 

The number of interlinks between two subgraphs reveals the strength of the bond between them. The 

partitions of zones correspond to the subgraphs which have the higher bond strength between them 

should have the closer placement on the node axis in S.  The number of interlinks between any pair 

of subgraphs i and j is determined and stored as 
ijlinkg _ . Partition arrangement starts from the pair 

of subgraphs i and j with highest degree of 
ijlinkg _ . The subgraph with bigger size is chose when a 

tie is exist. The fitness values for the rest of subgraphs are then computed as shown in Figure 3. 
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kjkiLk linkgwlinkgwweight __ 21   

Figure 3. Computational of 
Rkweight  and 

Lkweight  

 

SIMULATIONS AND RESULTS 

 A program has been developed based on the CGS model’s algorithms using Microsoft Visual 

C++ 6.0. The CGS model has been applied for partially dense graph with different sizes and graph 

densities. This specific type of connected graph has the property where it can be partitioned into a 

number of vertices sets and each set has a higher density value than the graph. The simulations are 

run and compared by two models from our previous works, STCGM and DSA.  

 The simulations shows CGS model gives the best result compared with STCGM and DSA models 

for graph with sizes ranging from 10n  to 30 and densities ranging from 0.1 to 0.6 except the case 

where the graph is a tree. The results for each size and density of graph from three different methods 

are being presented in Figure 4(a), (b) and (c) accordingly. It is clear that the energy values are 

proportional related to the size and density of graph for all three methods.  

 

 
Figure 4(a)  Results comparison between CGS, STCGM and DSA for graph 10n  with densities 

0.2 to 0.6 

 

 A tree with n nodes has 1n  edges. From the Equation (1), a graph with n nodes which has the 

minimum density of 2/n is a tree. In the cases of graph 10n  with density of graph 0.2 and graph 

20n  with density of graph 0.1, in which they are trees, CGS gives the higher energy value of eight 

units compared with five units given by STCGM and DSA as shown in Figure 4(a) and (b). 
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Figure 4(b)   Results comparison between CGS, STCGM and DSA for graph 20n  with densities 

0.1 to 0.5 

 

 
Figure 4(c)   Results comparison between CGS, STCGM and DSA for graph 30n  with densities 

0.1 to 0.5 

 Figure 4(a), (b) and (c) show STCGM gives the good results for graphs with lower density which 

is less than 0.4 while DSA works efficiently to the graphs with smaller size. STCGM produces a 

spanning tree from the given partially dense graph before solving it using TSM [8], a model from our 

previous work which specially developed for single-row transformation of tree; the sequence of zone 

formed is then used to solve the single row transformation of the given partially dense graph. Hence, 

STCGM can produce a good result for graph with lower density as tree has the minimum density of 

graph. 

 

CONCLUSION 

 Partially dense graph is a graph which can be partitioned into a number of vertices sets where 

each set has a higher density degree compare to the graph. Based on the properties of partially dense 

graph, our work proposes a new technique for transforming a partially dense graph into a single-row 

network. We proposed a new model called Connected Graph Sequence (CGS) which includes three 

steps, namely, the graph partitioning, and its arrangement. The nodes are then mapped to zones and 

terminals of the single-row network. The terminals produced from CGS are arranged optimally based 

on the properties of the partially dense graph, and this leads into the formation of intervals or nets in 

the single-row network. We then apply our earlier simulation model to the intervals called ESSR to 

produce an optimal single-row network by minimizing the energy. The simulations show CGS is 

outstanding in terms of results since it produces optimal results in each case for minimum energy in 

the final realizations. 
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